Abstract. An analytic function f defined on the open unit disk D = {z : |z| < 1} is biunivalent if the function f and its inverse f −1 are univalent in D. Estimates for the initial coefficients of bi-univalent functions f are investigated when f and f −1 respectively belong to some subclasses of univalent functions. Some earlier results are shown to be special cases of our results.
Introduction
Let S be the class of all univalent analytic functions f in the open unit disk D := {z ∈ C : |z| < 1} and normalized by the conditions f (0) = 0 and f ′ (0) = 1. For f ∈ S, it is well known that the nth coefficient is bounded by n. The bounds for the coefficients give information about the geometric properties of these functions. Indeed, the bound for the second coefficient of functions in the class S gives rise to growth, distortion, covering theorems for univalent functions. In view of the influence of the second coefficient in the geometric properties of univalent functions, it is important to know the bounds for the (initial) coefficients of functions belonging to various subclasses of univalent functions. In this paper, we investigate this coefficient problem for certain subclasses of bi-univalent functions.
Recall that the Koebe one-quarter theorem [8] ensures that the image of D under every univalent function f ∈ S contains a disk of radius 1/4. Thus every univalent function f has an inverse f −1 satisfying f −1 (f (z)) = z, (z ∈ D) and f (f −1 (w)) = w, (|w| < r 0 (f ), r 0 (f ) ≥ 1/4) .
al. [3] have investigated Fekete-Szegö problems for various other classes and their proof does not require the univalence or starlikeness of ϕ. In particular, their results are valid even if one just assume the function ϕ to have a series expansion of the form ϕ(z) = 1 + B 1 z + B 2 z 2 + · · · , B 1 > 0. So in this paper, we assume that ϕ has series expansion 
We need the following classes investigated in [1] [2] [3] .
In this paper, we obtain the estimates for the second and third coefficients of functions f when
(1) f ∈ P(α, ϕ) and
Coefficient Estimates
In the sequel, it is assumed that ϕ and ψ are analytic functions of the form
Theorem 2.1. Let f ∈ σ and g = f −1 . If f ∈ P(α, ϕ), g ∈ P(β, ψ) and f of the form
where σ := 2 + 7α + 7β + 24αβ.
Proof. Since f ∈ P(α, ϕ) and g ∈ P(β, ψ), g = f −1 . There exist analytic functions
Define the functions p 1 and p 2 by
Then p and (2.8), clearly
Using (2.7) and (2.8) together with (2.1) and (2.2), it is evident that (2.10)
Since f has the Maclaurin series given by (2.3), a computation shows that its inverse
it follows from (2.9), (2.10) and (2.11) that (2.12)
It follows from (2.12) and (2.14) that (2.16)
Equations (2.12), (2.13), (2.15) and (2.16) lead to
, which, in view of the well-known inequalities |b 2 | ≤ 2 and |c 2 | ≤ 2 for functions with positive real part, gives us the desired estimate on |a 2 | as asserted in (2.4).
By using (2.13), (2.15) and (2.16) lead to
, and this yields the estimate given in (2.5). Theorem 2.2. Let f ∈ σ and g = f −1 . If f ∈ P(α, ϕ) and g ∈ M(β, ψ), then (2.17)
where σ := 2 + 7α + 3β + 11αβ.
Proof. Let f ∈ P(α, ϕ) and g ∈ M(β, ψ), g = f −1 . There exist analytic functions
then (2.10), (2.11) and (2.19) yield (2.20)
It follows from (2.20) and (2.22) that (2.24)
Equations (2.20), (2.21), (2.23) and (2.24) lead to
, which gives us the desired estimate on |a 2 | as asserted in (2.17) when |b 2 | ≤ 2 and |c 2 | ≤ 2.
Since (2.21), (2.23) and (2.24) lead to
, and this yields the estimate given in (2.18). Theorem 2.3. Let f ∈ σ and g = f −1 . If f ∈ P(α, ϕ) and g ∈ L(β, ψ), then (2.25)
1 | and
where σ := 10 + 36α − 7β − 25αβ + β 2 + 3αβ 2 .
Proof. Let f ∈ P(α, ϕ) and g ∈ L(β, ψ), g = f −1 . Then there are analytic functions 
It follows from (2.28) and (2.30) that (2.32)
Equations (2.28), (2.29), (2.31) and (2.32) lead to
, which, in view of the well-known inequalities |b 2 | ≤ 2 and |c 2 | ≤ 2 for functions with positive real part, gives us the desired estimate on |a 2 | as asserted in (2.25).
By using (2.29), (2.31) and (2.32) lead to
(1 + 2α) and this yields the estimate given in (2.26).
where σ := 2 + 3α + 3β + 4αβ. 
then (2.10), (2.11) and (2.35) yield (2.36)
It follows from (2.36) and (2.38) that (2.40)
Equations (2.36), (2.37), (2.39) and (2.40) lead to
, which, in view of the well-known inequalities |b 2 | ≤ 2 and |c 2 | ≤ 2 for functions with positive real part, gives us the desired estimate on |a 2 | as asserted in (2.33).
By using (2.37), (2.39) and (2.40) lead to
and this yields the estimate given in (2.34). 
where σ := 10 + 14α − 7β + β 2 + 2αβ 2 − 10αβ. 
It follows from (2.44) and (2.46) that (2.48)
Equations (2.44), (2.45), (2.47) and (2.48) lead to
, which, in view of the well-known inequalities |b 2 | ≤ 2 and |c 2 | ≤ 2 for functions with positive real part, gives us the desired estimate on |a 2 | as asserted in (2.41).
By using (2.45), (2.47) and (2.48) lead to
and this yields the estimate given in (2.42).
where σ := 24 + 3α 2 + 3β
Proof. Let f ∈ L(α, ϕ) and g ∈ L(β, ψ), g = f −1 . Then there are analytic functions It follows from (2.52) and (2.54) that (2.56)
Equations ( 
